We numerically calculate the specific heat of the ideal gas obeying the generalized exclusion statistics (GES) in three and two dimensional space, and of the particle obeying the GES in tight-binding model in two-dimensional space. In 3-d space, the specific heat has one fixed point with respect to statistical parameter g at finite temperature, and in 2-d space the specific heat is independent on g. In tight-binding model in 2-d space, the specific heat depends on g.
I. INTRODUCTION
Many-particle wave function is symmetric under an exchange of two identical particles for Boson and antisymmetric for Fermion. Hilbert space has certain dimension in each case.
Haldane proposed their generalization some time ago without specific reference to spatial dimensions [1] . It is called the generalized exclusion statistics (GES). In this method, the dimension of the Hilbert space d, and the particle number N, are connected by ∆d = −g∆N (1) where ∆d is the change of the available single-particle states number and ∆N is the change of the particle number for identical particle system. g is a statistical parameter. We call particles obeying the GES as g-on.
The state-counting of many particle states obeying the GES is proposed by Wu, which corresponds to Boson with g = 0 and Fermion with g = 1 [2] .
This rule seems to be exact in the limit of a large number of states [3] , and the distribution function of the ideal g-on gas has been derived.
Thermodynamic properties of ideal g-on gas have been studied by several people. Wu derived the entropy and free energy and so on [2] , and Nayak et al. showed the duality [3] .
The Sommerfeld expansion was applied [3] [4] [5] [6] . However, the specific heat of ideal g-on gas
has not been studied well so far, although it is the most fundamental observable quantity. In the present work, we numerically calculate the specific heat of the ideal g-on gas in several spatial dimensions of wide energy band system and narrow energy band system.
First, we study the ideal g-on gas in the wide energy band system. In 3-d space, the specific heat of ideal g-on gas behaves differently for different statistics and has a fixed point at a finite temperature. In 2-d space, all the specific heats for different statistics are the same. The proof of the g-independence of the specific heat is given also. The origin of the g-independence comes from the constant density of state (DOS). Actually, in 2-d space,
there are some realistic systems in which anyon can appear [7] [8] [9] . Anyon is believed to behave as g-on. g-on is expected to appear in the fractional quantum Hall state (FQHS) [15] and the chiral superconductivity [10] , in which the Chern-Simons term is induced in the low energy effective action. However, we will see unfortunately that the specific heat of the ideal g-on gas in 2-d space is constant and does not depend on statistics if the energy is given by ǫ = p 2 2m
.
Next, we study the ideal g-on gas on lattice space, which has the narrow energy band in two-dimensional space. The quasiparticle appearing in the FQHS is considered to behave as anyon. The quasiparticle is a soliton and has a finite spatial extension, so two quasiparticles cannot overlap each other. As an approximation, we associate the quasiparticle with the g-on on a lattice, and express it with the tight-binding model. We calculate the specific heat of the tight-binding model of g-on. The result is that the specific heat of this model behaves differently among different GES and has a peak at certain temperature.
The present paper is organized in the following way. In section 2, we review the GES.
In section 3 and 4, numerical calculation of the specific heat is given in three and two dimensional space, respectively. In section 5, the g-independence of the specific heat in 2-d space of ideal g-on gas is proved. In section 6, the specific heat of tight-binding model of g-on is calculated. Summary and discussion are given in section 7. In Appendix A, we give some useful relations. In Appendix B, we give the exact solution of the g-on distribution
where N is a natural number. Improvement of the Sommerfeld expansion and the duality of the coefficient are given in Appendix C.
II. DISTRIBUTION FUNCTION OF G-ON
For Boson and Fermion, the number of quantum states of N identical particles occupying G states is given by
respectively. Wu proposed [2] the interpolation implying the GES as
with g = 0 corresponding to Boson and g = 1 Fermion. This is the state-counting for g-on.
Using Eq. (4), the distribution function reads
where the function y satisfies the functional equation
From Eq. (6) y(ζ) = ζ for g = 1, and y(ζ) = ζ − 1 for g = 0, respectively. We can easily obtain other exact solutions of Eq. (6) for g = 2, 3, 4, where N is an arbitrary natural number and is given in Appendix B.
The positivity of ζ leads to the generalized exclusion principle
At zero temperature, we get ζ = 0 and y(ζ) = 0 for ǫ − µ g ≤ 0, and ζ = ∞ and y(ζ) = ∞ for ǫ − µ g ≥ 0, where µ g is a pseudo-Fermi energy for arbitrary g cases. Then the value of the average occupation number at zero temperature is
Eq. (8) means that one particle occupies 1 g states at zero temperature.
III. SPECIFIC HEAT OF IDEAL G-ON IN 3-D SPACE
We compute the specific heat of ideal g-on in 3-d space in this section. We assume that the particle of any GES has the same mass and the spectrum,
, and neglect the spin degree of freedom. In the system with particle number, N, the DOS is
where µ f (Fermi energy for Fermion) is given by Eq. (A6) in Appendix A. In the system of total number N, the chemical potential µ(T ) is determined by
Using the µ(T ) we can calculate the average energy E and the specific heat C from next
and
where
. In general, the integrals in Eqs. (10) and (11) 
where we use Eq. (9) and Eq. (A3) in Appendix A. The temperature is normalized by µ f
, and a corresponds to the value of y for ǫ = 0, which satisfies
Using Eq. (6) and Eq. (14) ǫ satisfies
For arbitrary g-on except Boson, we can solve Eq. (13) with respect to a at fixed temperature t numerically and use Eq. (14) to obtain µ(t).
Next we calculate the average energy E in the same way as µ(t) numerically. Changing the integral variable ǫ to y and using Eqs. (9) and (15), the average energy Eq. (11) changes
By substituting a(t) into Eq. (16), E(t) is obtained. The E(t) is shown in Fig. 1 . At low temperature, the average energy increases with g, which reflects the generalized exclusion principle. At high temperature, all curves have the same slope and they go to the classical limit.
Using Eq. (12), we can plot the specific heat versus temperature. The result is shown in Fig. 2 . The specific heat moves continuously and has one fixed point at t = 0.29. The entropy increases with g below the fixed temperature, but the entropy decreases with g above the fixed temperature. This reflects the generalized exclusion principle. It is not clear to us why there is one fixed point at finite temperature range. For g = 0 case (Boson), infinite particle numbers in the ground state cause the Bose-Einstein condensation. For g = 0 case, no condensation occurs at low temperature as mentioned in [4] . The behavior of the specific heat is different for different statistics, so in principle we are able to identify the GES from the specific heat.
Some arguments [3] [4] [5] [6] , in which expansion of the specific heat of ideal g-on gas in integer powers of the temperature (Sommerfeld expansion for Fermion), suggest that the coefficient of the first power of the temperature increases with g in 3-d space (we improve the Sommerfeld expansion and show the duality of the coefficient in Appendix C). Since our calculation does not use the Sommerfeld expansion, it is possible to check the validity of the Sommerfeld expansion. The deviation between the linear part in the temperature and numerical result is given in Fig. 3 . At low temperature, the deviation is small, so the Sommerfeld expansion would be a good description. However, the deviation decreases with g. Associating with the Boson's behavior, t 3/2 , below the Boson's critical temperature, it seems to be natural that the specific heat for very small g behaves differently from the linear temperature dependence.
Hence the Sommerfeld expansion is not good for small g.
IV. SPECIFIC HEAT OF IDEAL G-ON IN 2-D SPACE
In two-dimensional space system of mass m, energy
, average particle number N, the DOS of the ideal gas is independent of one-particle energy ǫ
where µ f is given by Eq. (A7) in Appendix A. The constant DOS leads to the thermal features of the ideal g-on gas in 2-d space. We can analytically obtain the particle number
This gives the value of a a = 1 e 
from Eqs. (14) and (18). Changing the integral variable ǫ to y gives the average energy
We can numerically obtain the average energy E(t) from Eqs. (18) and (20). The E(t) is plotted in Fig. 4 . At zero temperature, E reflects the generalized exclusion principle and depends on g. At high temperature the behavior approaches to the classical limit.
We plot the specific heat as a function of temperature in Fig. 5 . Fig. 5 shows that the specific heat is independent of the statistical parameter g at arbitrary temperature. The
Sommerfeld expansion suggests that the coefficient of the first power of the temperature dose not depend on g in 2-d space [6] . G. Su and M. Suzuki show the g-independence of the specific heat of the constant DOS based on the Sommerfeld expansion in [5] . Our result agrees with their results. The proof of the g-independence of the specific heat, which is not based on the Sommerfeld expansion, is given in the next section.
We give a new proof of the g-independence of the specific heat of the ideal g-on gas in 2-d space [11] . The Sommerfeld expansion is not assumed in our proof. This proof is given by direct calculations as follows.
Differentiating the average energy with respect to g and using integrations by part, Eqs.
(A3), (A4) and (A5) in Appendix A, we yield the next relation,
Derivation of Eq. (21) is as follows;
Finally, we get the relation (21). From this result, we see that the specific heat is independent of g,
and that the average energy depends on g as,
where the average energy of Boson, b(t), vanishes at t = 0. Thus the temperature dependent part of average energies are constant and do not depend on g, which agrees with the previous result of the numerical calculation. The present result reflects the constant DOS. We expect that g-on appears in 2-d space, but, unfortunately, we found that typical macroscopic quantities C dose not depend on g, if the energy is given by
VI. SPECIFIC HEAT OF THE TIGHT-BINDING MODEL OF THE IDEAL G-ON

GAS IN 2-D SPACE
The quasiparticle of Laughlin's theory of the FQHS has a finite energy width and is approximately described on the lattice. Girvin et al. [14] beautifully.
In this case, the quasiparticle charge has e 3 charge [12, 13] , and satisfies anyon statistics of . Hence it seems that there are three quasiparticles in one available single-particle state;
that is g = 1 3 statistics. It would be reasonable to express the quasiparticle in the Laughlin's theory by the tight-binding of g-on gas. We study the g-on in the tight-binding model,
consequently.
In the tight-binding model, the energy spectrum is ǫ=−c(cos(kxb)+cos(kyb)) and the DOS of this model is given by
where c is the hopping constant and b is the lattice spacing, and M(≡ S b 2 ) is the number of the lattice. K(x) is the complete elliptic integral of the first kind
The particle number and the average energy of this model is given by
. It is very difficult to calculate the specific heat for arbitrary value of g.
Hence we study special value of g, g = 1, , and
(this means that the half-filling state for Fermion and the chemical potential of Fermion is zero). We numerically calculate the temperature dependence of the average energy by using µ(t) and obtain the specific heat.
The result is given in Fig. 8 . We cannot obtain the specific heat of g = 1 4 , 0 at low temperature range now owing to technical problem of numerical calculation. We must improve our numerical calculation to apply for arbitrary g-on at low temperature. In the high temperature limit, the one-particle energy goes to zero. In this limit, the distribution of the low energy particle number is very small, because many particles have much of energy.
The contribution of this integral in this limit is small, since the integral region is restricted between −2c and 2c. As a result, the specific heat goes to zero at high temperature. On the other hand, the specific heat becomes maximum at one temperature of order 1; that is, when the temperature goes to the order of the hopping constant (the temperature is normalized by the hopping coupling c), the fluctuation of energy is very large. From the DOS in Fig.   7 , we read that the most of the contribution comes from the particle having the energy of the order of hopping constant. This explains why C(t) has a maximum qualitatively. C(t) case, which will be realized in the ν = 1 3 FQHS, is different from Fermion case. Therefore, we will be able to observe the exotic statistics g = 1 3
by measuring the specific heat of the ν = 1 3
FQHS at the temperature for the order of the hopping constant. However, it would be difficult to observe the specific heat of 2-d electron system, since the thermal effect of the orthogonal directions to the plane affects the plane's thermal phenomena, in which the FQHS is realized.
VII. SUMMARY AND DISCUSSION
In 3-d space, the specific heat depends on statistics. Therefore, we will be able to observe the signature of exotic statistics by measuring the specific heat. Moreover, we find that the fixed point with respect to g exists. Physical meaning of the fixed point is not understood yet, but it may have profound meanings.
In 2-d space, the specific heat does not depend on statistics. Therefore, we are unable to observe the signature of the exotic statistics by measuring the specific heat even though anyon which satisfies the generalized exclusion statistics does exist. Clarifying the physical meaning of g-independence and investigating a number of fixed points in the specific heat for the ideal g-on gas in arbitrary spatial dimensions are left to the future study.
In the tight-binding model of g-on, the specific heat depends on statistics. In particular,
we can distinguish the GES by measuring the value of the peak in the specific heat. However, the g-dependence of the temperature at the maximum value of the specific heat is not obtained clearly. The g-dependence of the temperature and the method of the measurement, especially for the FQHS, are left to the future problem. It will be very exciting to identify the exotic statistics.
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APPENDIX A: SOME USEFUL RELATIONS From Eq. (6) y satisfies
where ζ = e β(ǫ−µ) . Taking logarithm of it gives
We convert the integral variable ǫ into y. From Eq. (A2) we obtain
Differentiating Eq. (A2) by g ∂y ∂g = log y + 1 y − β ∂µ ∂g
The density of state
. So in three and two-dimensional space, the Fermi energy is given by
respectively, where V is a volume of a system and S is an area of a system. h is the Planck constant.
APPENDIX B: EXACT SOLUTION OF THE DISTRIBUTION FUNCTION FOR
We obtain the analytic solution of y in Appendix B [11] . In particular, in the case of
where N is a natural number, y is represented by the hypergeometric function.
In general, the i-th solutionz i of f (z) = 0, where z is a complex variables, is gained bȳ
where the contour of the integral is circle around z i . From Eq. (6) in low temperature limit and ǫ − µ ≤ 0, we see that e ǫ−µ t → 0 and then y ≃ e ǫ−µ t . So the solution of y in low temperature limit will behave as e ǫ−µ t and go to zero. Using this formula and analytic continuation of y, the solution is given bȳ
where the contour of the integral is circle around 0 and x ≡ . The residue gives the integral value. After short calculation, the solutionȳ is given bȳ
The singularity of the solution depends on g. We consider the case of g = 
The solution of y is (N = 2) and g = (N = 3) which is obtained exactly in Eq. (6) . We numerically calculate the low temperature behavior of the 3-d specific heat by using this solution.
APPENDIX C: DUALITY FOR THE COEFFICIENT OF THE SOMMERFELD EXPANSION
We improve the Sommerfeld expansion and show the duality relation of the coefficient for g-on in Appendix C [11] . The Sommerfeld expansion is the expansion in terms of small deviations from the step function
We set
to express the upper and lower value of the integral of y explicitly. Then the expansion is as follows;
In the limit of t → 0 (p → ∞), we can approximate this integral as follows
where −x +p ≡ u, x −p ≡ v in third line, and B n (g) and C n (g) are given by converting u,
In B n (g) and C n (g), we convert y into z = y y+1 and obtain
Moreover, in C n (g) and B n (g), we convert z into z = 1 − w and g into 1 g
respectively, then
So we get the duality relation
).
Finally, the Sommerfeld expansion is given by
The Fermion case (g = 1), the odd number of n in the sum does not cancel. and the horizontal axis is one-particle energy normalized by the hopping constant (e ≡ ǫ c ). N and the horizontal axis is one-particle energy normalized by the hopping constant. 
